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ABSTRACT

The present study deals with a system comprises of two non-identical units in parallel configuration.
Initially first unit is operative and the second is kept as cold standby. The first unit gets priority in
operation as well as in repair while which the second unit is treated as ordinary. The first unit starts
operation from higher level and then passes through middle and lower level before reaching to failure
stage. Similarly, if the charging process is going on then an operative unit reaches from lower to
middle and from middle to high level. The priority unit can reach to failure stage only from middle
level. Probability that an operative unit will be in higher, middle and lower level of stages are fixed. A
single repair facility is available in the system to repair the failed priority and ordinary unit. The
failure time distributions of priority and ordinary units are exponential. Also, the rate of transition
form higher to middle, middle to lower, lower to middle and middle to higher are exponential with
different parameters. The repair time distributions for priority and ordinary units are general.
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INTRODUCTION

Several authors including have analysed many engineering systems by using different sets
of assumptions. Most of them considered two identical unit system in which an operative
unit fails directly without passing to and other intermediate stages. But in the real
practical situation there exists some systems in which an operative unit passes through
different stages before its complete failure. For example, we consider a system of inverter
with battery and a generator then we can observe that a battery of an inverter passes
from different level of charging such as high, middle and low before completely down
stage. We can also see that use of inverter is more economical than generator so the
priority is to be given to inverter with respect to operation and repair.

Keeping the above view, we in this chapter analyse a two unit cold standby system in
which first unit is priority and the second is treated as ordinary unit.

Using regenerative point technique with Markov renewal process, the following reliability
characteristics of interest are obtained.

MODEL DESCRIPTION AND ASSUMPTIONS

1. The system comprises of two non-identical units in parallel configuration. Initially
first unit is operative and the second is kept as cold standby. The first unit gets
priority in operation as well as in repair while which the second unit is treated as
ordinary.
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2. The first unit starts operation from higher level and then passes through middle and
lower level before reaching to failure stage. Similarly, if the charging process is going
on then an operative unit reaches from lower to middle and from middle to high level.
The priority unit can reach to failure stage only from middle level.

3. Probability that an operative unit will be in higher, middle and lower level of stages
are fixed.

4. A single repair facility is available in the system to repair the failed priority and
ordinary unit.

5. The failure time distributions of priority and ordinary units are exponential. Also, the
rate of transition form higher to middle, middle to lower, lower to middle and middle
to higher are exponential with different parameters.

6. The repair time distributions for priority and ordinary units are general.

NOTATION AND SYMBOLS

Npon Normal priority unit kept as operative and in higher level

Npom : Normal priority unit kept as operative and in middle level

Npor Normal priority unit kept as operative and in lower level

Noo : Normal ordinary unit kept as operative

Nocs Normal ordinary unit kept as cold standby

For : Failed priority unit under repair

For : Failed ordinary unit under repair

Fowr Failed ordinary unit waiting for repair

o1 : Constant rate of transition of normal unit from higher tomiddle
level

o2 : Constant rate of transition of normal unit from middle to lower level

o3 : Constant rate of transition of normal unit from lower level to
failed stage

B : Constant failure rate of ordinary operative unit

o1 : Constant rate of transition of normal unit from middle to
higher level

) : Constant rate of transition of normal unit from lower to middle
level

33 : Constant rate of transition of normal unit from lower to higher level

g(), G(): pdf and cdf of the distribution of time to repair priority unit

h(.), H() : pdf and cdf of the distribution of time to repair ordinary unit

p1 : Probability that repaired priority unit goes into higher level

p2 : Probability that repaired priority unit goes into middle level

p3 : Probability that repaired priority unit goes into lower level

Using the above notation and symbols the possible states of the system are

Up States:
So = (Npon, Nocs) S1=(Npom, Nocs) S2 = (Npow, Focs)
S3 = (Fpr, Noo) Ss = (Npow, For) Se = (Npom, For)

Down States:
Sa= (Fprp Fowr)
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Fig. 1: The transitions between the various states

TRANSITION PROBABILITIES

Let To (=0), T1,T2,... be the epochs at which the system enters the states Si € E. Let X»
denotes the state entered at epoch Tn:1 i.e. just after the transition of T,. Then {TyXn}
constitutes a Markov-renewal process with state space E and

Qik(t) = Pr[Xml =8k Tor1-Ta <t | Xn= Si] (1)

is semi Markov-Kernal over E. The stochastic matrix of the embedded Markov chain is

P = pix =lim Qix(t) = Q() (2)
t*}OO

The non-zero elements of Qix(t) are given below:
Pik= lim ij(t)

t*}
3,
Po1 = 1 P1o=
o, + 90,
o o
P12= 2 P20 = —
o, + 90, oy +0,+9,
o o
P21 = -2 P23 = 73
oy +0,+9, oy +0,+9,
p3o = p1.g*(B) p31 = p2.g*(B)
p32 = p3.g*(B) psa=1-g*(B)
P45 = D1 P46 = P2
P47 = Pp3 Pso = h*((h)
Pss = 1- h*(()h) Pe1 = h*(OL2+51)
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)
Pes = ' [1-h*(a+81)] Pe7 = %2 [1-h*(a2+81)]
o, + 90, o, +9,
pr2 = h*(Ls+3,+55) Pri= —— S [1- h¥{o+8,+53)]
oy +0,+9,
S
p7s= ————— [1 - h*(ai3+32+83)]
oy +0,+9,
5,
p7e= ——=——[1 - h*(0ai3+32+83)]
oy +0,+9,
p@ss=pr[1 - G (B)] P®ss = pz. [1- G (B)]

p(4]37 = Pps. [1 - é (B)]
p©s; = L[|’:| (a2) - H (ou)]

o, — 0,
o, 01 01
p(7]62 = [H ((X,3) - H ((X/Z)]
o, — 0,
p(7]64 = L [1 - ﬁ ((XB)] - L [1 - ﬁ ((x’z)]
O, — 0y Oy — 0y

p©Ns; = %1%s [
(0(1 —0(2)(0L2 _a3Xa1 _‘ls)

+ (oz-a3) A (o) - (as-03) A (02)]

(ou-a2) H (a3)

oo ~
p©ss = 12 [{1 - H(a3)}(ou-02)]
i (Otr%)(%—%)(%—%)
0,05 0
+ [{1 - H (o)} (oz-03)]
(0‘1_0‘2)(0‘2_0‘3)(0‘1_0‘3) nee
o403

- [{1 - H (02)}(01-03)] (3-33)
(0(1 —0(2)(0L2 _a3Xa1 _‘ls)

From the above probabilities the following relation can be easily
verifiesas;

por=1 pio + p12=1

P20 + P21+ p23=1 P30 + P31 + p32+ p3a=1

Pas + pPas + pa7 =1

pPso + Pse = 1 = ps1 + Pes + Pe7

P72+ P7a+ P75 + Pre =1 = p3o + p31 + p3z + p(4)zs + p(4)3y

Pso + pEs1 + p6: sy + p(6.7)54 = 1= pe1 + p(Mez + pTes + Pes (34-41)

MEAN SOJOURN TIMES
The mean time taken by the system in a particular state S; before transiting to any other
state is known as mean sojourn time and is defined as-
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wi=of P[T>t] dt (42)
Using this we can obtain the following expression:
1 1 1
Mo= — 1= 2= —————
o4 o, + 90, Oy +0,+0,
1 N I8
M3 = B [1-g*(B)] Ha=o) tg(t)dt
1 1
ps= — [1-h*(au)] pe= [1-h*(oz+51)]
0y O, + 0y
1
p7 = ———  [1 - h*(o3+32+33)] (43-50)
o5 +0,+9,

RELIABILITY OF THE SYSTEM

To obtain R;(t), the probability that starting from S; the system will not fail upto time t, the
failed state S; is taken to be absorbing state. Then by the probabilistic arguments
following recursive relations can be obtained

Ro(t) = Zo(t) + qo1(t)OR4(t)

Ri(t) = Z1(t) + q10(t)ORo(t) + q12(t)©R2(t)
Ra(t) = Z2(t) + q20(t)ORo(t) + q21(t)©OR1(t) + q23(t)ORs(t)

Rs(t) = Z3(t) + q30(t)ORo(t) + q31(t)©OR1(t) + q32(t)OR(t)
(51-54)

Taking Laplace Stieltjes transform of relations and solving it for R*y(s) we get
Ro*(s) = N1(s)/ D1(s) (55)
Where,
Ni(s) = {(1 - 9%239™32) - *12(q*239*31 + q*21)} 2%
+ q*01Z*1(1 - q*23q*32) + q*01q*1zZ*z (56)

and
Di(s) = (1 - q*239%*32) - 9*12(q*239™31 + q*21) - *019™10(1 - q*239%32)

- q*01q*1z(q*z3q*3o + q*zo) (57)
Now,
D1(0) =1- P23P32 - P23P31P12 - P21P12 - Po1P1o - Po1P10P23P32
Po1P12P23P3o0 - p01p12p20)
= (1 - p23p3z)(1 - p10) - p12(p20 + P21 + p23pP3o + pz3p31)
= (1 - p23p32)p12— p12(p20 + P21 + p23pP3o + pz3p31)
= p12[1 - P23P32 — P20 — P21 - P23P3o - pz3p31]

=0 (58)
Now, the coefficient of m;j’s in D’1(0) are
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mj; Coefficients

mo1 p10(1 - p23p32) + p12(p20 + p23p30)
mio 1- P23pP32

miz 1 - p23p3z

mzo P12

may P12

mz3 P12

mso P12p23

masi P12p23

mas; P12P23

Then,
D’1(0) = mos{ p1o(1 - p23ps2) + p12(p20 + P23pso)}
+ (m1o + m12)(1 - p23p3z) + p12(mzo + M21 + mM23)
+ P12P23(M3zo + M1 + M32)
= po{ p1o(1 - pz3psz) + p12(pzo + pz3pso)} + pi(1 - p23psz)
+ P12z + P12Paspa (59)
Therefore, the reliability of the system is

R*(0) = N1/D; (60)
Where

N:= N1(0) = {1 = P23p32 - P23pP31P12 - p21p1z}uo + H1(1 - p23p32)
+ P22 (61)
and D; is same as in (59).

AVAILABILITY ANALYSIS

System availability is defined as

Ai(t) = Pr[Starting from state S; the system is available at epoch t without passing through
any regenerative state]

and

M;(t) = Pr[Starting from up state S; the system remains up till epoch t without passing
through any regenerative up state]

Thus,

Mo(t) = et M;(t) = e @2+t

Mz(t) = e (“3+%2+%)t Ms(t) = et G (1)

Ms(t) = e®1t H (t) Me(t) = e2+%t H (t)

My(t) = eC3+%2+% H (1) (62-68)

Now, obtaining Ai(t) by using elementary probability argument;
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Ao(t) = Mo(t) + qo1(t)©A1(t)
Aq(t) = M1(t) + q10(t)©A(t) + q12(t)©A,(t)
Az(t) = Ma(t) + q20(t)©A0(t) + q21(t)OA1(t) + q23(t)©As(t)
As(t) = M3(t) + q30(t)©Ao(t) + g31(t)©A1(t) + g32(t)©A2(t)
+ qW35(t)OAs(t) + qWs36(t)OAs(t) + qH37(t)OA(t)
As(t) = Ms(t) + qs0(t)©A(t) + q(0)s51 () ©A1(t) + q6752(t) ©A2(t)
As(t) = Ms(1) + qes()OAs(t) + qe2(t)OA2(t) + qe1()OA4(t)
A7(t) = M7(t) + q72(t) ©A2(t) + q75(t) ©As(t) + q76(t)©As(t) (69-75)

Taking Laplace transform of above equation (69-75),and solving for pointwise availability
A*o(s), we get

Nz(S)
A% (s) =
Da(s) (76)
Nz(s) = (M*o + q*01M*1).A + q*01q*12(M*2 + B) - M*oq*12D (77)
and
D2z(s) = (1 - 9*019*10).A - @*12.D - q*12.C (78)

By taking the limit s—0 in the relation (153), one gets the value of D;(0) = 0, therefore the
steady state availability of the system when it starts operations from Sy is

Ao(0) =1lim Ao(t) = lim s. Ao*(s) = N2(0)/D’2(0) = N2/D; (79)

t>® s0
Where
N2=Nz(0) = (po + p1).[1 - {(p32 + p3sps2 + P3ePe2 + P37P72)
+ Ps2(P3spPes + P37P7s) + Pazprs(PesPsa2 + Pez)}p23]
+ p1z(pz + p23{ (K3 + pasps + Pasple + P37p7)
+ Us(P3sPes + P37P7s) + P37Pp7s(Me + Peshs})
- top12[{(p31 + p3sps1 + Paspe1) + (P3sPes + P37P7s)Ps1
+ p37p76(PesPs1 + Pe1}P2s + pai) (80)
and using m; = Zm;;, we have

D,= [1 - {(p3z + P3sPs2 + P3sPe2 t+ p37p7z)
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+ psz(p36p65 + p37p75) + p37p76(p65p52 + paz)}pz3] (plomo + ml)
+ P12 + p12p23ms3 + p1zpz3{(p36p65 + p37p7s) + p35}
+ p12p23[{(p36 + p37p76)m6+ P12p23p37myz (81)

BUSY PERIOD ANANLYSIS
Let us define Wj(t) as the probability that the system is under repair by repair facility in
state S; ¢ E at time t without transiting to any regenerative state. Therefore

Wi(t) = et Wo(t) = e+
Ws(t) = G (1) Ws(t)= H (1)
We(t) = et H (1) W5(t) = e 2% H (t) (82-87)

Also let Bj(t) is the probability that the system is under repair by repair facility at time t,
Thus the following recursive relations among B;(t)’s can be obtained as;
Bo(t) = qo1(t)©Bi(t)
Bi(t) = Wi(t) + quo(t)©Bo(t) + q12(t) ©B(t)
Ba(t) = Wa(t) + q20(t)©Bo(t) + q21(t)©B(t) + qa23(t) ©Bs(t)
Bs(t) = Ws(t) + q3o(t)©Bo(t) + q31(t)©B(t) + qs2(t) ©B2(t)
+ qW35(t)OBs(t) + qM36(t)OBe(t) + W37 (t) OB (t)
Bs(t) = Ws(t) + gso(t)©Bo(t) + q©)s1(t)OBi(t) + q(6752(t)©B2(t)

Bs(t) = Wi(t) + qes(t)©Bs(t) + qMe2(t)©B2(t) + qe1(t) ©B1(t)

B (t) = W(t) + q72(t)©Ba(t) + q75(t)©Bs(t) + q76(t) ©Be(t) (88-94)
Taking Laplace transform of above equation (88-94), and solving for B*y(s), we get
B*o(s) = N3(s)/Ds(s) (95)

Where D3(s) is same as Dz(s) in (153) and
N3(S) = q*01W*1[1 - {(q*3z + q*35q*52 + q*36q*62 + q*37q*7z)

+ q*sz(q*36q*65 + q*37q*7s) + q*37q*76(q*65q*sz + q*ez)}q*z3]
+ q*01q*12(W*2 + q*23{(W*3 + q*3sW*s5 + q*36W™*s + q*37W*7)

+ W*s(q*36q*65 + q*37q*7s) + q*37q*76WV*6 + q*GSW*S})

- q*lz[{(q*31 + q*35q*51 + q*36q*61) + (q*36q*65 + q*37q*7s)q*51

+ q*37q*76(q*esq*51 + q*el}q*z3 + Cl*21] (96)

In this steady state, the fraction of time for which the repair facility is busy in repair is

given by

Bo = lim By(t) = lim s B*(s) = N3(0)/D’3(0) = N3/D3 (97)
t—™>® s70
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where D3is same as Dz in (156) and
N3= W1[1 - {(p3z + P3sPs2 + P3sPe2 + p37p7z) + psz(p36p65 + p37p7s)

+ p37p76(PespPsz + Pe2)}P23] + poipiz(wz + p23{(ws + pasws

+ P36We + P37W7) + Ws(P36Pes + P37P75) + P37P76(We + Posws})

- P12[{(p31 + P3sps1 + p3epe1) + (P3sPes + Pa7p7s)psi

+ P37p76(Pesps1 + Pe1}pzs + pai] (98)

EXPECTED NUMBER OF VISITS BY THE REPAIRMAN
Let we define, Vi(t) as the expected number of visits by the repairman in (0,t] given that
the system initially started from regenerative state S; at t=0. Then following recurrence
relations among V;(t)‘s can be obtained as;
Vo(t) = Quu(t)$[1 + Vi(1)]
Vi(t) = Quo(t)$Vo(t) + Qu2(t)$V-(t)
Va(t) = Q2o(t)$Vo(t) + Qau(t)$V1(t) + Qas(t)$V3(t)
V3(t) = Qao(t)$Vo(t) + Qa1(1)$V1(t) + Qs2(t)$V2(t) + QWss(0)$V2(t)
+ QM36t)$Vt) + QW37 (1) V(1)
Vs(t) = Qso(t)$Vo(t) + Q@s1t)$Vi(t) + QEMs2t)$V2(t)
Vi(t) = Qes(t)$Vs(t) + Qs2(t)$V7(t) + Qe (t)$V1(t)
V7(t) = Qr2(D)$V2(t) + Qrs(t)$Vs(t) + Q76(t)$Vs(t) (99-405)

~

Taking Laplace stieltjes transform of the above equations (99-105) and solving for V ¢(s)

we get

;O(S) = Na(s)/Da(s) (106)
Where

~

Na(s) = 501[1-{(éaz+ éasésﬁ é%éﬁﬁ 537Q72)

+ 552(53656“ 537575% 537576(565552+ 562)} ézz]

- QuQul{(Qn+ 0505 + 0 0a)

+ (éaaéaﬁ 537575) ésﬁ 537576(565§5H 561}523

+ ézl] (107)

and D4(S) = (1 - ém ém).A - éu.D - 512.(: (108)

Annals of RNatural Sciences ~46 ~ Vol 3(1): March 2017



Chahar & Singh

In steady state the number of visit per unit of time when the system starts after entrance
into state Sp is ;

Vo =lim [Vo(t)/t] =lims ; o(S) = N4/D4 (109)

t>® s70
where D4is same as D; in (81) and
N4 = [1 - {(p3z + P35Ps52 + P36Pe2 + p37p7z) + psz(p36p65 + p37p7s)

+ p37p76(p65p52 + paz)}pz3] - p01p12[{(p31 + P3sps1 + p36p61)

+ (p36Pes + P37P75) Ps1+ P37P76(PesPsi1 + Pe1}P23 + P21 (110)
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