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ABSTRACT

This chapter investigates a system consists of two identical units in which one is operative and the
other is kept as warm standby. Whenever first unit fails the second unit becomes operative
instantaneously. If both the units of the system are alive i.e. first unit is in operating position and the
second is as standby, and if the operative unit works continuously up to a random amount of time
then send this unit to preventive maintenance and in such a situation the standby unit at once comes
into operation. This process of preventive maintenance is done by operator himself in which the unit
will be in completely rest and some oiling and complete checkup of the unit is performed. There is no
repair facility in the system but at the time of need an ordinary repairman will be called to attend the
failed unit. If the ordinary repairman enters in the system within fixed amount of time known as
patience time then it is O.K. otherwise an expert repairman will be called. Once any of the repairman
enters in the system he will complete all the jobs related to the system. After the repair a unit works as
good as new. The distribution of time to complete preventive maintenance follows exponential while
the distributions of failure time, repair times and the time after continuous working, an operative unit
is sent for preventive maintenance are arbitrary.
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INTRODUCTION

Many authors including working in the field of reliability have analysed various
engineering systems by assuming different sets of assumptions. Most of them analysed
two unit standby systems with the assumption that a single repair facility is available in
the system always and whenever an operative unit fails it comes into repair immediately.
But there exists many practical situations in which it is quite reasonable that the repair
facility should not be available in the permanent capacity. The repairman should be call at
the time of need on job basis.

Keeping the above view, we in this chapter analysed a two unit warm standby system
with two types of repair facilities known as ordinary and expert repairman which are
called at the time of need.

Using regenerative point technique with Markov renewal process, the following reliability
characteristics of interest are obtained.

MODEL DESCRIPTION AND ASSUMPTIONS

The system consists of two identical units in which one is operative and the other is kept
as warm standby.

1. Whenever first unit fails the second unit becomes operative instantaneously.
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2.

If both the units of the system are alive i.e. first unit is in operating position and the
second is as standby, and if the operative unit works continuously up to a random
amount of time then send this unit to preventive maintenance and in such a situation
the standby unit at once comes into operation. This process of preventive
maintenance is done by operator himself in which the unit will be in completely rest
and some oiling and complete checkup of the unitis performed.

There is no repair facility in the system but at the time of need an ordinary repairman
will be called to attend the failed unit. If the ordinary repairman enters in the system
within fixed amount of time known as patience time then it is 0.K. otherwise an expert
repairman will be called. Once any of the repairman enters in the system he will
complete all the jobs related to the system.

After the repair a unit works as good as new.

The distribution of time to complete preventive maintenance follows exponential
while the distributions of failure time, repair times and the time after continuous
working, an operative unit is sent for preventive maintenance are arbitrary.

NOTATION AND SYMBOLS

No Normal unit kept as operative

Ns Normal unit kept as warm standby

Npm Normal unit under preventive maintenance

Noc Operation of Normal unit is continued from earlier state

Fro Failed unit under repair by ordinaryrepairman

Fre Failed unit under repair by expert repairman

Fro Repair of failed unit by ordinary repairman is continued from
earlier state

Fre Repair of failed unit by expert repairman is continued from earlier

state

Furo Failed unit waiting for repair by ordinary repairman

Fure Failed unit waiting for repair by expert repairman

B Constant rate of completing preventive maintenance

f1(.), F1() : pdf and cdf of failure time distribution of operative unit

f2(.), F2() : pdf and cdf of failure time distribution of warm standby unit

g1(.), Gi(.) : pdf and cdf of time to complete repair of a failed unit by ordinary
repairman

g2(.), Gz2(.) : pdf and cdf of time to complete repair of a failed unit by expert
repairman

h(.), H(.) : pdf and cdf of patience time for ordinary repairman

w(.), W() : pdf and cdf of availability time of ordinary repairman

k(), K() : pdf and cdf of time after completing which an operative unit is sent

for preventive maintenance using the above notation and symbols the possible states of

the system are

Up States:

So = (No, Ns) S1 = (No, Furo) S2 = (No, Nym)

S3 = (Noc, Fro) S4 = (Noc, Fre) Sg = (No, Fre)

Si0 = (No, Fre) Si11 = (No, Fro) Si2 = (Noc, Ns)

Down States:
S5 = (Frep ere) Se = (FROp ero) S; = (FREp ere)
So = (Npm, Fre)
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Fig. 1: The transitions between the various states

TRANSITION PROBABILITIES
Let To (=0), T1,Tz,... be the epochs at which the system enters the states Si € E. Let Xn
denotes the state entered at epoch Tp:1 i.e. just after the transition of Tn. Then {TnXn}
constitutes a Markov-renewal process with state space E and
ij(t) = PI‘[Xn+1 =Sk, Tue1 - Ta £t | Xn = Sl] (1)
is semi Markov-Kernal over E. The stochastic matrix of the embedded
Markov chain is

P =pix = Q() (2)

The non-zero elements of Qix(t) are given below ;
por=of K () F 1(t) f2(t) dt + of " K (6) F 2(t) fu(t) dt
poz=ol” F 1(t) F 2(t) k(t) dt

pis=o W (t) H (8 fu(t) dt

p29 = f*1(B)

pss=1

poz = g*2(B)

p@17 = of off W (w) dH(w) G »(t-w) dFi(t)
p@1s=of off H (W) dW(w) G 1(t-w) dFi(t)

P02y = Bof off ePw dw K (t-w) dF1(t)

P25 =B of off eBw dw F 1(t) dK(t-w)

pa2g = of o' dGo(w) K (t-w) dFi(t)

p(2g; = of of dGz(w) F 1(t) dK(t-w)

pMgg = of 1 (t) dG2(t)
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P11 = of of dGi(w) K (t-w) dFi(t)

P25 = of ol dGi(w) F 1(t) dK(t-w)

p©i1,11 = of” f1(t) dGa(t)

p@12);5 = of oot dH(u) W (u) dGa(w-u) F 1(t) dK(t-w)
pG12);, = o oo™ H (t) dW(t) dGy(w-t) F 1 dK(t-w)
p@12); = of o[ W (u) dH(u) dGa(w-u) K (t-w) dF;(t)
@121 = of o5/ H () dW(u) dGi(w-u) K (t-w) dF:(t)
p7is = of ofo* W (u) dH(u) dF1(w) dGa(t-u)

pB 11 = of of'o* H (u) dW(u) dF;(w) dGi(t-u)
p(0.12)g; = of “offl" BePu du dGa(w) F 1(t-u) dK(t-w)
p0.7)gg = of oftol" Be-"u du dF:(w-u)dGa(u) (3-26)

MEAN SOJOURN TIME
The mean time taken by the system in a particular state S; before transiting to any other
state is known as mean sojourn time and is defined as

wi=of P[T>t] dt (27)
Using this we can obtain the following expression:
wo=of F1(t) F(t) K (1) dt ni=of W(t) F1t) H(t)dt
H2 = of et F 1(t) dt us = J G 2(t) dt
L = 0.[00 F 1(t) G 2(t) dt W = 0,[0063'Bt G 2(t) dt
win=of Fi(t) Gi(t)dt (28-34)

MEAN TIME TO SYSTEM FAILURE (MTSF)
To obtain the distribution function mi(t) of the time to system failure with starting state So.

7o (t) = Qo1 () $71(t) + Qo2(t)$m2(t)
711 (t) = Qis(t) + QB®16(t) + QMW17(t) + Q12)15(t)$m2(t)
+ QB1215(t)$r2(t) + QU111 (D) $ma (t) + QB2 11 (D) $ma(t)
T2(t) = Qao(t) + QU2 (1) $71 (1) + QU2 (t) $2(t) (35-37)

~

Taking Laplace Stieltjes transform of relations and solving for 77 ¢(s) (35-37), weget

Te o(s) = N1(s)/ D1(s) (38)

where

Ni(s) = (é1s+ 5(3)1“ é(‘”n)[éol(l - é(mzz) + éoz 5(12)21]

+ Q20[ Qo Q#1212+ QB121) + Qoz(1 - Q*1211- QB12)4]] (39)

and
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Di(s) = (1~ Q1911- QE121)(1 - Q12z9)

- Q (12)21( Q (4:12)12 + Q (3:12)12) (40)

~ ~

By taking the limits—0 in equation (81), one gets 7 o(0) = 1, which implies that 77 o(t) is

a proper distribution function.
d D’1(0) - N’1(0)

E(T) =- — mo(s)|s=0 = = N1/D: (41)
ds D1(0)

where,

N1 = [p2)y1(p1s + pB1s + p#17) + p2o(1 - p&12)11 - pB12)11) o
+ (p(12)21 + po1p29) [mM1s5 + MB)1e + m#)17 + m*+12)15 + mB12)q,
+ m(3:12)11+ m(4:12)11] + [p(4:12)12 + p(3:12)12 + pOZ(plS + p(3)16

+ p(4)17)] [ng + m(12)21 + + m(lz)zz] (42)
and
D1 = (1 - p(4,12)11 - p(3,12)11) (1 - p(lz)zz) - p(12)21(p(4,12)12 + p(3,12)12) (43)
AVAILABILITY ANALYSIS

System availability is defined as

Ai(t) = Pr[Starting from state S; the system is available at epoch t without passing through
any regenerative state] and

Mi(t) = Pr[Starting from up state S; the system remains up till epoch t without passing
through any regenerative up state]

Thus,

Mo(t) = F1(F 0K ()
Mi(t) = F1(©[W (©).H(®) + of H(u) dW(u) G 1(t-u)
+ o]t W (u)dH(u) G 2(t-u)]
+ [ofo]" dW(u) H (w)dG(w-u) K (t-w)] F 1(t)
+ [ofo" dH(u) W (u) dGo(w-u) K (t-w)]F1(t)
Mz(t) = Ms(t) = My (t) = F 1(t) (44-46)

Now, obtaining Ai(t) by using elementary probability argument;
Ao(t) = Mo(t) + qo1(t)©A1(t) + qoz(t)©A,(t)

Aq(t) = My (t) + q312)13 (t)©A4(t) + q(+12)11 (1) ©A4(t)

+ B 1212(t)OA,(t) + q(+1212(t)©A2(t) + q+15(t) ©As(t)

+ G911 (1) ©A11(t) + q15(t) ©As(t)
A(t) = Ma(t) + qU221 (1) ©A4(t) + q20(t)©A9(t) + U222 (t) ©A,(t)
As(t) = qsg(t)©A8(t)
Ag(t) = Ma(t) + q112s1 (1) ©A1 (t) + q(12s2(t)©A2(t) + q(Mss(t) ©As(t)
Ag(t) = q(101291 (£) ©A1(t) + qo2(t) ©A2(t) + q(1012)92(t) ©A2(t)

+ q(10.795(t) ©Asg(t)

A11(t) = Mua(t) + q(1211,1 (1) ©As (1) + q(12112(t) ©A,(t)

+ q(6)11,11(t)©A11(t) (47-53)

Taking Laplace transform of above equation (47-53), and solving for A*i(s) we get,
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A*o(s) = [koM*o(s) + kiM*1(s) + kaM*z(s) + ksM*s(s)

+kuM*11(s)]/ko (54)
The steady-state availability of the system is
Ag(0) =1lim Ao(t) =lim s. Ag*(s) = N2(0)/D’2(0) = N2/D> (55)
to® 50

N2=[(1 - pss){poz + (1 - p22)} - P29posps2}M1 + (1 - pss)
-[plz(l - p11,11) + pP111p112+ p11[p29p92 - (1 - pzz)}]m
+ (1 - p11,11)(p15p58 + p18) [psz + p29p92— (1 - pzz)]m
+ p2opos[p111(ps2 + p112) - p12(1 - p11,11)]m (56)
and
D,= [(1 - p88)p92 + (1 - pzz)— ngpgspsz] [m11 +miz2 + Mis5
+ m*7)g + mBOLIY) + [(1 - pgg){p12(1 - P11,11) + P1,11P11,2}
+ ps2(1 - p11,11) (P1spss + p1s)][m29 + m12)z1 + m(12)y;]
+ p15(1 - p11,11) [ng(pmpsz - p81p92) + Ps2p21
+ p81(1 - pzz)]us + (1 - p11,11)(p15p58 + pw){ngpgz
- (1 - pzz)} - ngpgs{pu(l - p11,11) + p1,11p11,z}]
[m02)1g + m2)g; + m7gg] + p2o[(1 - p11,11){p12(1 - pss)
+ ps2(p1spss + P1s)} + p1r.11P11,2(1 — pss) ] [M(10.12)91 + mo;
+ m(10,12)g; + m107)gg] + [p11(1 - pss)p29poe2
- p11(1 - p22) (1 —pss) + p2opespszp1,11][MA2)11,1 + MA2)14,
+ m(©11,11)] (57)

BUSY PERIOD ANANLYSIS
(a) Let Bi(t) is the probability that the system is under repair by ordinary repair facility at
time t, Thus the following recursive relations among B;(t)’s can be obtained as;
Bo(t) = qo1(t)©Bu1(t) + qoz(t)©B(t)
By(t) = Wi(t) + G121 (t)©By (t) + q(+12)11 (t)©B1(t)
+qB1212(t)OB,(t) + q*1212(t)©B2(t) + q47)15(t) ©OBs(t)
+ 0111 (1)©B1(t) + qus(t)OBs(t)
Ba(t) = q(12)21(t)©B1 (t) + q29(t)©Bo(t) + q12)22(t) ©B2(t)
Bs(t) = gs58(t)©Bs(t)
Bs(t) = q(12)g1(t)©B1 (t) + q(12g2(t)©B2(t) + q(Mes(t)©OBs(t)
Bo(t) = q(1012)9; (1) OB (t) + qo2(t)©B2(t) + q(1012)9,(t) ©Ba(t)
+q(10795(t) OBs(t)
Bia(t) = Wia(t) + q(1211,1(t)©Ba(t) + qU211,2(t) ©B(t)

+ q©)11,11(t)©OB11(t) (58-64)
Taking Laplace transform of above equations (58-64) and solving for B*;(s), we get,
Bo = lim By(t) = lim s B*(s) = N3(0)/D’3(0) = N3/D3 (65)
t—>® s70

N3= [(1 - p88){p92 + (1 - pzz)} - pz9p98p82]W1
+ [p11(1 - pss){p29p9z — (1 - p22)} + p29p9spPs2p11,11]n1 (66)
and D3 is same as D, in (57).

(b) Let Ri(t) is the probability that the system is under repair by ordinary repair facility at
time t, Thus the following recursive relations among R(t)’s can be obtained as;

Ro(t) = qo1(t)OR(t) + qoz(t)©ORz(t)

Ry(t) = Wi(t) + 651211 (t)ORy (t) + q+1211 (Y)OR, (t)

+ qG1215(t)OR,(t) + q(+12)12(t)OR;(t) + q4715(t) ©Rs(t)

+ 0111 (1) ©R11(t) + qus(t)ORs(t)

Ra(t) = q1221(t)ORu(t) + q29(t)©ORo(t) + q1222(t) OR2(t)

Rs(t) = Ws(t) + gss(t)ORs(t)

Rg(t) = Ws(t) + q112s1 (t)OR1(t) + q(12s2(t) ORz2(t) + q(Mss(t) ORs(t)
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Ro(t) = Wy(t) + q(1012)95 (t)OR1(t) + qo2(t)OR:(t)
+ (10129 (1) ORz(t) + q(10795(t) ORs(t)
Ri1(t) = qU1211,1(t)©R1(t) + q(12112(t)OR2(t)

+q6)11,11(Y)OR11(t) (67-73)
Now, taking Laplace transform of above equations (67-73), and solving for R*y(s), we get,
Ro = lim Ro(t) = lim s R*(s) = N4(0)/D’4(0) = N4/D4 (74)

t—>® s70

Nu= [(1 - p88){p92 + (1 - pzz)} - pz9p98p82]W1 + p15(1 - p11,11)
[(1 - p22)(1 - pss) + p2o[pospsz + poz(1 - pss)}]n2

+ [(1 - p1111)(p1spss + p18){p29poz — (1 - p22)

- p29pos{p12(1 - p1111) + p1v11P112}nz + [(1 - p11,11)

-{plz(l - p88) + psz(plspss + p18)} + p11,11p11,2(1 - p88)]p29W9 (75)
and D4 is same as D, in (57).
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